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THE WAVE EQUATION Cylindrical Coordinates
Viu+ F(rﬂ,z) = é 62?
Vo ot
[”]5 =f solid cylinder
[M]S =f t>(0 boundary conditions (r,H,z) < [g’r])x[_”’ﬁ] ><(0,L) cR?

initial conditions

[6 } hollow cylinder

[“]5 =f (r.0.2) e (1, 1) x[-7.7]x(0.L) c R’

u(r,0,z,t)=u (r,0,z)+U(r,0,z,1t)

/

STEADY STATE PROBLEM - PE TRANSIENTPROBLEM - HE
Vzu\_ +F(r,9,z)=() VZU:LaZU
Voot A .
initial conditions
[U ]t:t,, =Uy U
=f Ul = 0
[w), =1 [wl, 20] -
o =
supplemental eigenvalue problems SEPARATION OF VARIABLES
- 0, =-n0, =0,1,2,... Vo 1T
0"=no o " U(r,0,2t)=@(r,0,2)T (1) -~ -p
@ aT
=)
o(0+27)=6(9) B=0 &(6)=1 HELMHOLTZ EQUATION
n,=-n" 0,(0)=a,cos(nd)+b, sin(nd)
ol 2 "
R'+=R'-"-R= R R+ LR, TR, =2 R Vo =pd 1.
r r r v T
R(0) < ap Han =
R(r)=0 = @(r,0,z)=R(r)0(0)Z(z
(r,) rZR,:’m+rR,;m+(rzijm —nZ)an =0 ( ) ( ) ( ) ( )
=0,1,2,..
Ru(r) =4y (2ar) " R 6, 7,
m=(0),1,2,..
Z"=yZ Zl=-w; Z,
sLp ‘ ; ’ B =—(A0, +07) T, (1) =, cos (v’ B,,ut) + ¢, sin(v B4t
[z]._, =0 = V="
[Z]z:K =0 Zk (Z)
STEADY STATE SOLUTION TRANSIENT SOLUTION
U(r.0,z,t)=@(r,0,z)T(¢)
see p.654 for the case of solid cylinder, and
p.658 for the case of hollow cylinder
SOLUTION OF IBVP
u(r,@,z,t) = u (V,H,z) + U(r,é’,z,t)
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VIIL.3.5 THE WAVE EQUATION
VIIL.3.5.1 1-D Cartesian BASIC  homogeneous equation with homogeneous boundary conditions
o’u 1 d’u
22 _ 2% ulx,t), xel(0,L), t>0
o’ a’or ( ) ( )
Initial conditions: u(x,O) =u, (x)

1. Separation of variables

boundary conditions:

2. Sturm-Liouville problem

eigenvalues

eigenfunctions

Solution:

Ot
Boundary conditions: u(0,)=0, t>0 @
k, % +hu(x,t)=0, t>0 (Il
x

h
Denote H, =—2>0
2

we assume that the function u(x,z) can be represented as a product of
two functions each of a single variable

u (x, y) =X (x) T (t) substitute into equation

a’X"(x) T(t1)=X(x) T"(r) after separation of variables, one gets

XL with a separation constant

X - az T =H p H
X(0)1(t)=0 = x(0)=0
X(L)T(t)+H,X(L)T(t)=0 = X'(L)+H,x(L)=0
XN _ ‘L[X — 0

This Sturm-Liouville problem has solution with u, =-1 :

A, are positive roots of equation Acos AL+ H, sinA,L =0
X, (x)=sinA,x
Then solutions of the second differential equation 7"+ A.a’T =0 are

T (t) =c, cos A,at +c, sin A at

u, (x,t)=X,T, = sin(4,x)(c, cos A,at +c, sin A,at)

Then solution of the wave equation is a superposition

u(x,r)= isin (4,x)(b, cos A,at +d, sin A, at)

n=1
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initial conditions:

u(x,0)= ib" sin(A,x) =u,(x)

n=1

which is a generalized Fourier series expansion of the function f (x)

over the interval (O,L) with coefficients

n

L L
Iuo (x)sin A, xdx Iuo (x)sin A, xdx
bn = . L = . .
Isinz A, xdx L_sin2AL
0 ! 2 42

The derivative with respect to 7 of the assumed solution is

% = i A,asin lnx(— b, sin A,at +d, cos lnat)
n=[

Then the second initial condition yields

t=0 M:idﬂnasinﬂ”x:uj(x)
- at n=1
It can be treated as a Fourier series with coefficients
L L
Ju, (x)sin A, xdx J.u, (x)sin A, xdx
_0 _0
A0 =" 12 1 vd B L sin24,L
'([sm xdx 5 741’1
then
L
_[uj(x)sin A, xdx
d — 0
Aa L sin22,L
2 44,
Then the solution of the initial-boundary value problem is:
3. Solution u(x, t) = i [bn cos(A,at)+d, sin(A,a t)} sin(4,x)
n=1
T
u, (x)sin(A,x)dx
© in( A L 1 ( ) ( n
ulx,t) = ; % D;uo (x)sin(4,x) dx} cos Aat +| L 7 sin(A,at)
2 42,
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4. Normal modes of string vibration The solution of the Wave Equation is obtained as a sum of terms

overtones

standing waves

u,(x,t)=X, T, =sin(A,x)(c, cos A,at+c, sin A,at)

which we call the basic solutions. However, in the context of contributions

to the vibration of a string, these functions are known as normal modes.
In our example, for n=1,2,3,4,..., they have the following shapes

(see the Maple the file for animation):

>ml:=subs (n=1,X[n]* (b[n] *cos (lambda[n] *a*t)+d[n] *sin (lambda[n] *a*t))) :
>animate ({ml},x=0..L,t=0..9);

0.1

0 R R I AT
-0

>m2:=subs (n=2,X[n] * (b[n] *cos (lambda [n] *a*t)+d[n] *sin (lambda[n] *a*t))) :
>animate ({m2},x=0..L,t=0..9);

0.1
0.058

01 b i 4 B g 10

005 first overtone

0.1

>m3:=subs (n=3,X[n] * (b[n] *cos (lambda [n] *a*t)+d[n] *sin (lambda[n] *a*t))) :
>animate ({m3},x=0..L,t=0..9);

0.06
0.04
0.0z

ggai A i " B g 1]

second overtone
-0.04
-0.06
>md :=subs (n=4,X[n] * (b[n] *cos (lambda [n] *a*t)+d[n] *sin (lambda[n] *a*t))) :
>animate ({m4},x=0..L,t=0..9);

0.1

VAN

third overtone
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fundamental mode

The first of these normal modes is called the fundamental mode, while the
others are referred to as the first overtone, the second overtone, and so on.
The frequency of oscillation of the normal mode increases with its number
and is determined by the corresponding eigenvalue 4, and coefficient a,

which has a physical meaning related to the speed of wave propagation
(speed of sound). Fixed points exist in the vibration of overtones.

The entire motion of the string is a superposition of vibration of all
overtones with a different amplitude. The participation of different modes
in the string’s vibration is determined by the initial conditions.

If representing the initial shape of the string at rest requires the use of
different modes, then all of them will be present in the undamped vibration
of the string.

However, if the initial shape of the string exactly matches one of the
overtones, then only that mode will be present in the string’s vibration.

This phenomenon is known as standing waves. Standing waves do not
propagate; they only oscillate, maintaining the same shape.
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VIIL.3.5.2 1-D polar coordinates Wave Equation in polar coordinates with angular symmetry

Urt) u lou 10u
P ey
or" ror v ot

u(r,t), 0<r<r ,t>0

Initial conditions: u(r.0)=u,(r)
7 s ou(r,0
3% (at ). u(r)
Boundary condition: u(r,,¢)=0 t>0 (Dirichlet)
u(0,t) <o
1. Separation of variables Assume

u(r.y)=R(r) T(¢)

Substitute into the equation

rRT+ LR =L R

r v
After separation of variables (division by R7), we receive

R—" + IR _ LT—" = with a separation constant
R rR v1 " e

boundary condition r=r, u(r,t)=R(r,)T(t)=0 = R(r)=0

2. Solution of Sturm-Liouville problem  Consider the equation for R(r) for which we have a homogeneous

boundary condition:
R"+1R'—yR =0 R(r)=0
r
That is the Eigenvalue problem for the Bessel equation of 0" order,

solution for which is presented in VII.2, p.509.

Separation constant u, ==

Eigenfunctions R, (r)=J,(4,r)

n

Eigenvalues are the roots of  J, (4,r,)=0

The figure shows the graph of the function W(/l) =J, (Zr,) with r, =1

0.a
0.4

Dj 4 8 2 D
0.4

The weight function p(r)=r
Orthogonality _[JO (A7) (A,r)rdr=0 for n#m
0

Norm |
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solution for T

3. Solution

4. Initial conditions

The result of a negative separation constant = —A° agrees with a
physical sense of solution for T(t). Equation for T
I Tﬂ 12

a2 T ILI - n
Then solutions 7, (r) with determined eigenvalues are

T,(t)=a, cos(vﬂnt) +b, sin(vﬂ.nt)

n

u(r,r)= Z[an cos(wlﬂt)+b,1 sin(vlntﬂ J, (A7)

n=1

We will choose the values of coefficients in such a way that initial
conditions are satisfied.

Consider the first initial condition
u(r,O) = ianJO (/1"}”) =u, (r)
n=1

then coefficients for the generalized Fourier series are defined as

November 3, 2025 683

ju,, (r)J,, (lnr)rdr Iruo /1 r dr
an = . ” n %
IJj (ﬂnr)rdr i i (ﬂ"rl)/
0

The second condition for the derivative with respect to time

6u rt d

ZJ A,r)(—a,Avsin vt +b,A,vcos A,vt)
becomes
au(r 0)

"Z;b/lv.]( ) u,(r)

Then coefficients in this generalized Fourier expansion are

lrrdr lrdr

Iul J.ru,
= b =

bnﬂ’nv - 7 n 2
IrJ,f (/lnr)rdr VA i JI (/1”’,1)/
0

Then solution of the initial-boundary value problem is

5. Solution

u(r,t) = i [an cos(/lnvt)—i-bn sin(/lnvt)] J, (lnr)

>

Iu{,(r)J,,(/lnr)rdr]cos(/lnvt)+{ i j;ul(r)Jo (/1”r)rdr}in(ﬂnvt)}

V.
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VIIL3.6

separation of variables

SINGULAR STURM_LIOUVILLE PROBLEM - CIRCULAR STRING

We studied a regular Sturm-Liouville Problem in which the ordinary differential
equation is set in the finite interval and both boundary conditions do not vanish.
In a singular Sturm-Liouville problem not all of these conditions hold. Usually,
the interval is not finite, and one or both boundary conditions are missing.
Instead of boundary conditions, when the solution may not exist at the
boundaries, the eigenfunctions should satisfy some limiting conditions. One of
such requirements can be the following:

Let y, and y, be eigenfunctions corresponding to two distinct eigenvalues A,

and A,, correspondingly. Then they have to satisfy the following condition:

fim () ()24 (1) =2 (¥) 2 ()] = lim p(x)Ly, (%) 93 (x)= 2 (x) 9] ()]

In the other cases the absence of boundary conditions is because of the
periodical or cycled domain, when we demand that the solution should be
continuous and smooth

vx,)=(x,) and y'(x,)=y'(x;)
In this case, it is still possible to have the orthogonal set of solutions {y, (x)} on

[x1 X2 ] :

We will not study the formal approach to solution of such problems, but rather
discuss the practical examples of its application.

Here, we consider an interesting example of a singular SLP in a cycled domain
with no boundary conditions. Physical demonstration of this example can be
seen on the ceiling of the hall of the Eyring Science Building.

Example I Consider vibration of a thin closed ring string of radius r
described in polar coordinates by deflection over the plane z =0

u(ﬁ,t), 0e [0,272’] ,t>0
The Wave Equation reduces to
1 0’u , 0%u
r—zagz=a o r = const
with initial conditions

u(0,0)=u,(6)

ou
—(0,0)=u,d
2 (9.0)=u,0)
There are no boundaries for a closed string, but rather a physical
condition for a continuous and smooth string:
u((),t)= u(27r,t) t>0
Ou ou

%(0,1):%(277,[) t>0

Assume u(6.t)= ©(0) T(t)

. . . 1
Substitute into equation —®'T = a’ © T"
r

. e"  ,,T . .
Separate variables o =a'r T =u M 1s a separation constant
. e’
Consider =
P H
O"—ue =0

We already have experience with solution of this special equation for regular
Sturm-Liouville Problems and know that in all cases except the case of both
boundary conditions of Neumann type, only a negative separation constant ,
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3

>

S

Il
M

n

0

(
[

1 =—A", generates eigenvalues and eigenfunctions. General solution in this
case is
O(0)=c, cos 20 +c, sin 10
This solution suits our problem because it is periodic. The values of 4 which
satisfy periodicity on the interval 8 [0,27:] , are
_2nmw

" 2w
Therefore, solutions are
e, (0) =c,,cosnf+c,, sinnd

Obviously, that for all n=0,1,2,... 2x1is a period for this solution and for its
derivative

o! (0)= —c, ,nsinn@+c,, ncosn

n

With these values of the separation constant, x, =-A. =—-n’, n=0,12,...

consider the equation for T(¢):

"
22T 2
a’r’—=-n

2
n

2.2
ar

which also has a periodic (in ¢ ) general solution

T"+ T=0

n . n
T, (t):c3n cos—t+c,, sin—t
' ar ' ar

Then periodic solution of the wave equation can be constructed in the form of an
infinite series:

u(o.)=00)) =36,0),()

S

= ( . n .n
> (c,, cosnb+c,, sinnb) c;, cos—t+c,, sin—t
0 ar ar

n

0 n 0 si n innd n inno si n
€;,C;, cosnbcos—t+c, c, cosnbsin—t+c, c;, sinntcos—t+c,, c, sinnbsin—1t

ar ar ar j

b,,cosn@cos—t+b,, cosndsin—t+b;, sinnb cos—t+b,, sinndsin—t

ar

ar ar ar j

where coefficients b are new arbitrary constants which can be chosen in such a
way that this solution will satisfy the initial conditions.
Consider the first initial condition:

t=0 u(9,0)=u0(¢9) :i(b,’n cosn@+b;, sin n¢9)
n=0

=b,, +Z(b1'n cosn@+b;, sin nﬁ)
n=1

which can be treated as a standard Fourier series expansion of the function
u, (H) on the interval [0,27[]. Therefore, the coefficients of this expansion are

Ji 2z

b, :; Iuo(é’)dﬁ

b,, = £l fuo(ﬁ)cos nédo
T

2z
b;, -1 jua(ﬁ)sin n6do
)
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For the second initial condition, differentiate the solution first with respect to ¢

Ou = n . n n n n . . n n . n
—(Q,t) = Z -b,,—cosn0@sin—t+b,, —cosnlcos—t—b;, —sinnfsin—t+b,, —sinndcos —t
ot =0 T ar ar T ar ar T ar ar " ar ar

then apply the second initial condition

0 < .
6—1:(6’,0)=u,(9) =Z[b21n %cosn9+b4yn %smn@j

n=0
ad n n .
=b,, ~0+Z b,,—cosn@+b,, —sinnd
' py Toar Toar
Where the coefficients are determined as

1 2r
byy-0 :; _’[”1(9)611‘9

b,, _art u,(@)cosn@d@
: 7y
2z

b,, _arl uI(H)Sinn&iH
n s

Coefficient b,, can be any constant, it will not influence the initial speed of the

string, but not to influence the initial shape of the string it has to be chosen equal
to zero (otherwise, initially the string will shifted by 5,, and will not be

centered over the plane z=10):
b,, =0

Therefore, solution of the problem is given by the infinite series

& n .n . n . . n
u(@,t)=b,, +Z(b1n cosn@cos—t+b,, cosnfsin—t+b;, sinndcos—t+b,, smn@szn—tj
' ' ar ' ar ' ar ' ar

where coefficients are determined according to abovementioned formulas.
Consider particular cases (Maple examples):

1) isolated wave

2) standing waves




